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Abstract 

We construct the interacting diffusion processes associated to determinantal point 
processes on spaces of configurations. This construction is based on the notions of 
Dirichlet form and integration by parts for functionals of determinantal processes. 
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1 Introduction 

Determinantal processes are point processes that exhibit a repulsion property, and were in- 
troduced to represent the configuration of fermions, cf. [10], [16J and [19]. They are known 
to be connected with the zeros of analytic functions, cf. [8] and references therein. 

Our goal in this paper is to construct Dirichlet forms related to determinantal processes, and 
to apply them to derive the existence of the associated interacting diffusion processes. Those 
results can be applied to derive formulas for density estimation and sensitivity analysis for 
functionals of determinantal processes, along the lines in [12J. 



For this we provide an integration by parts formula for functionals of determinantal processes 
which is based on a quasi- invariance result discussed in [3] (see also [13]). This integration 
by parts formula is extended to closed gradient and divergence operators thanks to the use 
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of a set of test functional different from the one considered in |3] (see also [13]), cf. (13. ip 
and Theorem I3.21 (i) and (ii). 

In Theorem 14.11 we construct the symmetric Dirichlet form associated to a determinantal 
process. An application to the associated stochastic dynamics follows in Theorem I5.1[ in 
which we prove the existence of the diffusion process associated to a determinantal process 
satisfying the assumptions of Theorem 13.21 

We proceed as follows. In Section [2] we recall the definition of point process and of determi- 
nantal process, based on [I], [5], [TTJ and [20] for point processes, and on (8] for determinantal 
processes. We also refer to [2], [6] and [T7] for the required background on functional analy- 
sis. In Section [3] we provide an integration by parts formula for functionals of determinantal 
processes and extend it by a closability argument. In Section H] we consider the associated 
Dirichlet form, with application to the associated stochastic dynamics in Section 

2 Preliminaries 

Locally finite point processes 

Let (S, ds) be a locally compact Polish space. For any subset B C S, let %B denote the 
cardinality of B, setting $B = oo if B is not finite. We denote by the set of locally finite 
point configurations on S: 

Nif.={B C S: tt(£ n D) < oo, for any compact D C S}, 

equipped with the a-field 

Nif-.=a({B G N lf : $(B n D) = m}, m > 0, D C S compact). 

Let X be a locally finite point process on S, i.e. a measurable mapping defined on some 
probability space (Q, 5F, P) and taking values on (N/y,DSf/^). We assume that X is simple, 
i.e. N({x}) G {0, 1} almost surely (a.s.), for all x £ S, where N(B) denotes the number of 
points of X on B C S. 

The correlation functions of X, with respect to (w.r.t.) a Radon measure fi on S, are (if 
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they exist) measurable functions p k : S k — > [0, oo) such that 



E 



i=i 



/ Pk(xi, ■ ■ ■ ,x k ) /i(dxi) . . .p(dx k ). 

«/ Bix...xBi. 



for any family of mutually disjoint subsets B±, . . . , B k oi S, k > 1. We require in addition 
that pk(xi, . . . , Xfc) = whenever #j = for some 1 < i 7^ j < fc. 

Kernels and integral operators 

For any compact set D C S, we denote by L 2 (D,p) the Hilbert space of complex- valued 
square integrable functions w.r.i. the restriction of the Radon measure p on D, equipped 
with the inner product 

< f,9 >i?{D,tf= I f(x)g(x) p(dx), f,geL 2 (D,p) 
Jd 

where z denotes the complex conjugate of z G C. By definition, a kernel K is a measurable 
function from S 2 to C. We say that K is locally square integrable if, for any compact DCS, 
we have 

/ \K(x,y)\ 2 p(dx)p(dy)<oo. (2.1) 

J D 2 

To any locally square integrable kernel K, we associate the integral operators %d '■ L 2 (D, p) — 
L 2 (D,p), where D is a compact subset of S, defined by 

^Df(x) := / K(x,y)f(y) p(dy), for /x-almost all x £ D. 
Jd 

A straightforward application of the Cauchy-Schwartz inequality shows that the operator 
%d is bounded when the kernel K is locally square integrable. In fact, it can be shown that 
%d is a compact operator. 

To any locally square integrable kernel K, we associate the integral operator % defined by 

%f(x) := / K(x,y)f(y) p(dy), for /z-almost all x £ S 
Js 

for functions / £ L 2 (S,p) that vanish outside a compact subset of S. The operator % is 
said Hermitian or self-adjoint if 



K(x, y) = K{y, x), for ^-almost all (x, y) £ S 2 . (2.2) 
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Equivalently, this means that the integral operators %£> are self-adjoint for any compact 
D C S. If %d is self-adjoint, by the spectral theorem for self-adjoint and compact operators 
we have that L 2 (D,n) has an orthonormal basis { i pf}j>i of eigenfunctions of %£>. The cor- 
responding eigenvalues {^j}j>\ have finite multiplicity (except possibly the zero eigenvalue) 
and the only possible accumulation point of the eigenvalues is the zero eigenvalue. 

We say that a self-adjoint integral operator X D is of trace class if 

3>l 

If %r> is of trace class for every compact subset DCS, then we say that % is locally of trace 
class. 

Determinantal point processes on (S,d s ) 

Throughout this paper we shall work under the following hypothesis: 

(HI): The kernel K : S 2 — > C is locally square integrable, satisfies ( 12. 2p and is non-negative 
definite, i.e. 

det(K(xi, Xj))i<ij<k > 0, fx® k (dxi, . . . , dxk) — a.e., k > 1. 
The operator % is locally of trace class and its spectrum is contained in [0, 1). 

Suppose that K and % satisfy (HI). A locally finite and simple point process X = 
{X n } 1 < n < A r(5) on S is called a determinantal process if its correlation functions w.r.t. the 
Radon measure \i on S satisfy 

p k (xi, ...,x k ) = det(K(xi, 2j))i<ij<fc, 

for any k > 1 and X\, G S. 

Existence and uniqueness (in law) of determinantal processes is guaranteed by the results in 
|10j . [16J and |18J . See also Lemma 4.2.6 and Theorem 4.5.5 in [Sj. More precisely, if a kernel 
K and its associated integral operator X satisfy (HI), then there exists a determinantal 
process X on S with kernel K. Moreover, for any compact DCS there exist constants 
c 1 (D),c 2 (D) > such that P(N(D) > k) < Cl (D)e- C2{D)k for all k > 1, and in this case the 
correlation functions Pk(%i, ■ ■ ■ , %k) uniquely determine the law of the process. 
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3 Differential calculus and integration by parts 



Hereafter we assume that S is a domain of M. d , ds is the Euclidean distance, \i is a Radon 
measure on S and D C S is a fixed compact. We denote by || • || the Euclidean norm on M. d 
and by the z-th component of x G K d . 

Differential calculus 

We denote by Q^(D,M. d ) the set of all C°°-vector fields v : D — > M. d with compact support. 
Let C£°(.D fc ) be the set of all C°°-functions on D k whose derivatives are bounded, and let 

x D = xnD = {x 1 ,...,x N{D) } 

denote the restriction to D of the determinantal process X = {X n }i< n < N ( S )i assumed it 
exists. 

Definition 1 A random variable (r.v.) F(X. D ) is said to be in So if 

n 

F(X D ) = fol{N(D)=0} + l{N(D)=k}fk(X 1 , . . . , X k ), (3.1) 

k=l 

where, for some integer n > 1 and k = 1, . . . , n, f k G C£°(-D fe ) is a symmetric function and 
fo GR is a constant. 

The gradient of F(X D ) G as in (13. ip is defined by 

n k 

V* lf F(X D ) i^Wl^^lwWVJ^Ii,..,^), xe D, (3.2) 

k=l i=l 

where V Xl denotes the usual gradient on M. d with respect to variable X{. For v G Q™(D,M. d ), 
we also let 

N(D) n k 

V^'F(X D ) := V^F(X D ).v(Xk) =^l { ww y Ev ait f k (X 1 ,...,X k )'v(X i ), (3.3) 

k=l k=l i=l 

where • denotes the inner product on M. d . 
Integration by parts and closability 

In this section and Theorem 13.21 below we give an integration by parts formula for determi- 
nantal processes, based on closed gradient and divergence operators Vv lf and Vv lf * defined 
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below for v G C£°(.D, The proof of Theorem 13.21 relies on an integration by parts formula 
on the set of test functionals So introduced in ( 13. ip . extending and making more precise the 
arguments of Theorem 10 page 289 of |[3 J and its proof. See also Theorem 5.5 and Proposition 
5.6 in [13] for more details. 

Let K be a kernel satisfying assumption (HI). We define the trace class integral operator 
on L 2 (D,/2) 

3[D] : = (Id - Xd^Xd 

and denote by J[D] its kernel. Let Nf be the space of finite configurations on D. For 
x = {x\, . . . , x n } G Nf , we denote by det J[£)](x) = det J[D]({xi, . . . , x n }) the determinant 
det (J[D](xi, Xj))i<i,j<n- Note that the function 

(xx, . . . , x n ) t-^ det J[D) ({x t , . . . , x n }) 

is /i® n -a.e. non-negative and symmetric in xi,...,x n (see e.g. [7]), and we simply write 
det J[D]({xi, . . . ,x n }) = det J[D](xi, . . .,x n ). 

(H2) : We suppose that, for any n > 1, the function 

(x 1 ,...,x n )\ — > det J[D] (xi, . . . , x n ) 
is strictly positive \i® n -a.e. on D n and continuously differentiate on the whole D n . 

Hereafter, we denote by P x d the law of X D on Nj\ Note that if, for any n > 1, det J[D] (xi, . . . , 
/x 0n -a.e. on D n , then 

det J[D}(x) > 0, for P xD -a.a. x G Nf, 

(this easily follows by using the notion of /i-sample measure and Janossy density, see e.g. 
[?].) Assuming that (HI) and (H2) hold, the potential energy is the function U : — )• K. 
defined by 

U(x) := - log det J[D](x). 

We set 

Y7N ;/ rr/ Y DN . v^-, V^det J[D](Xi, X k ) 
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oo k 

= ^l {N{D)=k ^U i , k {X 1 ,...,X k )-v{X i ) i (3.4) 

k=l i=l 

for any vector field v G e^(D,M. d ). 

We shall also assume the following condition. 

(H3) : The Radon measure \x is absolutely continuous w.r.t. the Lebesgue measure on S , 
with Radon-Nikodym derivative p which is strictly positive and continuously differentiable on 
D. 

Under Conditions (HI) and (H3) we define the vector field 

p{x) 

and the random variable 

N{D) 

B$pL D ) := WW • + div*(**))> « G ef^R"), 

fc=i 

where div denotes the adjoint of the gradient V on D, i.e. 

/ (7(x)divV/(x)dx= / Vf(x)-Vg(x)dx, f,geG?(D). 

J D J D 



We now give an integration by parts formula for determinantal processes which makes more 
precise some aspects of the proof of Theorem 10 of [3]. 

Lemma 3.1 Assume that (HI), (H2) and (H3) hold. Then, for any F(X D ),G(X D ) G §> D 

and vector field v G C£° (S, ~R d ), we have 

E[G(X D )V^ i/ F(X D )] =E[F(X D )Vv lf *G(X D )], (3.5) 

where 

V* lf *G(X D ) := -Vv lf G(X D ) + G(X D ) (£?£(X D ) + V^f/(X D )) . 

Proof. For any vector field v G C£°(-D,lR d ), consider the flow <f>\ : -D — > D, t G R, where 
for a fixed x & D, the curve £ i— >■ 0^(a;) is defined as the solution to the Cauchy problem 
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For a given family of flows {0^ : t G M, v G C£°(.D, M d )}, we define the mapping : Nj? 



by 



S?(x) := : x G x}. 

Following p], for a functional R(X. D ) of the determinantal process, we define the gradient 
V^ !/ i?(X D ) as the directional derivative along v, i.e. 

at t=o 

provided the derivative exists. It is easy to check that formulas (I3.3P and (13 .4p are consistent 
with this definition. Note that the image measure p o (j) v _ t is absolutely continuous with 
respect to /i on D, with Radon- Nikodym derivative 

p(<f>l t (x)) 



Jac*?i 



x) 



p(x) 

where Jac"^' denotes the Jacobian of 6Y. Note also that 



Jac '(x)=exp / dwv(<f) v z (x))dz) (3.6) 



o 



and so 



'W-,H) h<(l) ) = .gp., (M 



dt \ p(x) J p(x 



+ P ^-^ eX p ( / divv(£(x))dz ) divv(#(a;)) (3.7) 



(see e.g. the proof of Lemma 5.3 in [13]). Using the quasi-invariance property of determi- 
nantal processes discussed in Theorem 8 of [3J (see also Theorems 3.2 and 4.1 in [13]), for 
any t G R and F(X D ), G(X D ) G § D , we have 

E[F($^(X D ))G(X D )] (3.8) 

/XiD) p(r. t (X k )) # fir A detJ[D](r_ t (X l ),...,^_ t (X N{D) )) 



E 



We start by exchanging the derivative d/d£ with the expectation sign E in the above relation, 
for all t G Iq a neighborhood of zero. This interchange will be justified by integrability after 
(13. 9 p below. In this case we have 



E 



G(X D )±F(& t (X D )) 
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E (A G ($l t (X*))) F(X") ( J] P( ^ fc)) Jac^(X fcJ 



X[D) p(^_ t (X k )) , Uv \ faJ[D]{<l>%{X 1 ),...,<l>l t {X NiD) )) 



debJ[D](X 1 ,...,X N{D) ) 



N(D) 



The claimed integration by parts formula follows by evaluating the above relation at t = 0. In 

particular, we use (13. 7p to evaluate the second term inside the expectation in the right-hand 

side of the above equality, and we use the relation 

d detJ[D](0^(X 1 ),...,0^(X jV(g) )) 
dt detJ[D](X 1 ,...,X N(D) ) 



N(D) 



V Xi det J[D]{<F_ t {X x ), . . . , 4>U(X N , m )) 



^ det J[Dj(Ai, . . . , X N /m) 



i=i 



to evaluate the third term inside the expectation in the right-hand side of the above equality. 
Using the definition of functionals in one checks that the r.v. 

is uniformly bounded in t G Jo by a positive constant. By the assumptions (H2) and (H3) 
and the form ( 13. ip of the functionals in §£>, one may easily check that all the terms inside 
the expectations in the right-hand side of the above equality can be uniformly bounded in 
t G Jo by integrable r.v.'s and this justifies the exchange of expectation and derivative in 
(13. 8p . We check this fact only for the latter term. Take 

n 

F(X D ) = /q1{jv(d)=o} + ^2 l{N(D)=k}fk(Xi, . . . , Xk) 

fe=l 

of the form (13.11) . By (13. 9p we easily see that the modulus of the r.v. 

Vd« detJ[fl](Jf„...,A' A , (D) ) ; -'^ A A p(X t ) " 

up to a positive constant is bounded above by 



(tt pWJM t 0r _A^|V^et4D](«^ 



• * * ; A; / 

(3.10) 



Since p is continuous on D, for any n > 1, the map 

Oi, . . . , x n ) i — > det J[D] (xi, . . . , x n ) 

is continuously differentiable on D n , and the Jacobian is given by ( 13. 6p . up to a positive 
constant, the term in (13.1 Op is bounded above, uniformly in t G Io, by 

p(X 1 )- 1 ---p(X k )- 1 



k=l 



{N(D)=k} 



detJ[D](X 1 ,...,X k 



To conclude the proof, we only need to check that the mean of this r.v. is finite. Hereafter, 
we shall denote by \ n > 0, the Janossy densities of X D , i.e. the densities of (X 1; . . . , X n ) 
w.r.t. /i® n given that N(D) = n. It is known, see [16j and also Theorem 2 in [3], that 

j i ^\x 1 ,. . . ,x n ) = ^^^j^^^detJ[D](x 1 ,. . . ,x n ), n>l, (3.11) 

and jjj O) (0) = Det (Id - X D )/P(N(D) = 0), where Det (Id - % D ) denotes the Fredholm 
determinant of Id — %d- We have 

piXx)- 1 • - p(X h )- 



E 



l{JV(D)=fc} 



p(X 1 )- 1 ---p(X fc )- 1 
detJ[D}(X 1 ,...,X k ) 



E 



_detJ[D](X u ...,X, 



k 



N(D) = k 



P(N(D) = k) 



= P(N(D) = k) [ - jgWlll^j dxi . . . dxfc 
yjjfc det J[DJ(xi,...,a;fc) 

= Det(Id-X p ) 
ki 

where £ denotes the Lebesgue measure. □ 

Next, we extend the integration by parts formula by closability to a larger class of functionals, 
cf . the Appendix Section |6] for a summary on the notion of closability. We let 

Ll :=L\n,?* D ,P), 

where 3 rxD denotes the cr-field generated by X D , the determinantal process X restricted to 
D. In particular, note that Sd is dense in L 2 D (see Lemma [6. lj) . 

For v e G™(D,R d ), we consider the closability of the linear operators V« " : §u — y 
and Vv lf * : So — > h 2 D defined, respectively, by F(X D ) ^ V^F(X D ) and F(X D ) ^ 
V^ !/ *-F(X D ). In addition we state our extension of the integration by parts formula by 
closability. In the following, we denote by A the minimal closed extension of a closable 
linear operator A, and by Dom(v4) the domain of A, see the Appendix Section [H]for details. 



10 



Theorem 3.2 Assume that (HI), (H2) and (H3) hold, and that 
d ' w det J[D](xi, . . .,x n )d {k)det J[D](xi, ...,x n ) 



D" 



det J[D](xx, ■ ■■,x n ) 



p{x x ) ■ ■ ■ p(x n ) dxx... dx n < oo 

(3.12) 



for any n > 1, 1 < i, j < n and 1 < h, k < d. Then 



(z) the linear operators V^ !/ and V v lf * are well-defined and closable for any vector field 
v G Q™(D, R ). In particular, we have 



V: if (S D ) C L 2 D and V* !/ *(S D ) C L 



D- 



(ii) for any vector field v G Q™(D,M. d ), we have 



E 



E 



FV^*G 



for all F G Dom ^V^j, G G Dom ^V^ !/ *J in the domains of the closed extensions 



ofVy andVv lf *. 



Note that under the assumptions (HI), (H2) and (H3), condition (I3.12p is satisfied if, for 
any n > 1, the function 

(xx, ...,x n ) i — > det J[D](xx, . . .,x n ), 
is strictly positive on the compact D n . 

Proof of Theorem\3M (i) Let v G G™(D,R d ) and F(X D ) G S D . For ease of notation, 
throughout this proof we write V„ in place of V» I/ and V* in place of V v lf *. We clearly 
have 

\V V F(X D )\<C 

for some constant C > 0, almost surely, and therefore V v (§d) C L|,. The claim V*(S^) C L|, 
follows if we check that \\G(X D )V V U(X D ) < oo and ||G(X D )^(X D ) || L?) < oo for any 
G(X D ) 6 Sfl. The latter relation easily follows noticing that 



\G(X D )B^(X D )\ < C 



for some constant C > 0, almost surely. Hereafter, we shall denote by j£\ n > 0, the 
Janossy densities of X D (see the proof of Lemma [3.11 for the definition). Taking 

m 

G(X. D ) = gol{N{D)=o} + ^2 l{N(D)=k}9k(Xx, . . . , X fe ) 

fe=i 
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of the form (13.11) . by (13 .4p we have 

G( x°) W ) = - 1 M^MXu ..,x„)± ■ »W. 

and for some positive constant C > 
||G(X D )V V C/(X^)||^ 

m 

= £>({#(£>) = *}) 

fc=i 

/ gl(xi,...,x k ) E V ^ et rr J r !? (Xl, --- , ? ) '^Oi) ) j'i fc) (a;i,...,x fc )/i(dxi)---/i(dx fc ) 

det . . . ,x k ) J 

m . 

= Det(Id-3C D )^- 

fc=i 

/ jwlnu'''^ ^ (yiV^det J[D](gi,...,a; fc )-i;(xi) ) /x(dxi) • ■ ■ //(dx fc ) 
y D fc det J[D\{xi,...,x k ) \^ J 

m - 

< CDet(Id-X D )y- 



fe=i 



E/ V^det J[D](xi,...,x fc ) -u(xi) V x det J[D](xi, . . . • ufo) 
/ , i rrn1 / 1 v fi(dxi) • • • fi{dx k ) 
l D k det J[D\(x 1 , . . . ,x k ) 



l<i,j<k 
< OO, 



where the latter integral is finite by assumption (I3.12p . 

To conclude, we only need to show that V v is closable (the closability of V* can be proved 
similarly). Let (F n (X D )) n >! be a sequence in § D converging to in L 2 D and such that 
V„F n (X D ) converges to V in L 2 D as n goes to infinity. We need to show that V = a.s. We 
have 

|E[G(X D )^]| = lim \E[G(X D )V v F n (X D )]\ = lim \E[F n (X D )V v G(X D )]\ (3.13) 

n— >oo n— >oo 

< ||V:G(X D )|| L2 lim ||F n (X D )|| L ^ =0, G G 8 D . 

Here, the second inequality in ( 13 . 1 3f) follows by the integration by parts formula ( 13. 5ft of 
Lemma EU The fact that E[G(X D )V] = for all G(X D ) G § D implies V = a.s. is a 
consequence of the density Lemma 16.11 in the Appendix Section |6j 
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(ii) Again, for ease of notation we write V„ in place of and V* in place of V« !/ *. By 
(i), both operators V„ and V* are closable. Take F G Dom(V„), G G Dom(V*) and let 
(F n (X. D )) n >i, (G„(X D )) n >i be sequences in such that F n (X D ) converges to F, G n (X D ) 
converges to G, V v F n (X. D ) converges to V„F and V*G n (X D ) converges to V*G in ~L 2 D as 
n goes to infinity. By Lemma 13.11 the integration by parts formula applies to r.v.'s in §£>, 
therefore we have E[G n (X D )V„F n (X D )] = E[F n (X D )V* v G n (X D )} for all n > 1. The claim 
follows if we prove that 

lim E[G n (X D )V v F n {X D )] = E[GV^F] 

n— >oo 

and 

lim E[F n (X D )V:G n (X D )] = E[FV*G]. 

n— >-oo 

We only show the first limit above; the second limit being proved similarly. We have 
|E[G n (X D )V 1 ,F n (X D )] - E[GV;F]| 

= |E[G n (X D )V,F n (X D )] - E[G„,(X d )v;f] + E[G n (X D )V;F] - E[GV;F]| 

< |E[G n (X D )(V„F n (X D ) - v;F)]| + |E[(G n (X D ) -G)V:F]| 

< ||G n (X D )|| L ^||V„F n (X D ) -^F|| L|j + \\Gn{^ D ) - G|| L2 J|v;F|| Ll) , 

which tends to as n goes to infnity. □ 

We finally give an illustrating example for Theorem 13.21 

Example 

Let S := B(0,R) C M 2 be the open ball centered at the origin with radius R G (0, 1), let 
Wk }i<k<N, N > 1, denote the orthonormal subset of L 2 (B(0, R),£) defined by 



where \i — £ is the Lebesgue measure and i := \J— 1 denotes the complex unit. We consider 
the modified Bergman kernel K : -8(0, R) 2 — > C defined by 

N 

K(x,y) := Y,R 2ik+1) V { k R \x) V i R \y), x,y G B(0,R), 

k=l 

and denote by DC the associated integral operator, which is easily seen to be Hermitian and lo- 
cally of trace class with non-zero eigenvalues n k := R 2( - k+1 \ k = 1, . . . , N. As a consequence, 
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the spectrum of % is contained in [0, 1) and the triplet (%, K, //) satisfies assumption (HI). 
In addition, Condition (H3) is trivially satisfied since \i = £ is the Lebesgue measure. 



Taking D := -8(0, r) the closure of the ball -6(0, r) for some < r < R, we note that the 



kernel K D of the restriction of K to 5(0, r) takes the form 

N 

K D (x,y) = ^r*»M\*)<Pk\v)> (*,V) G ^(M 2 . 
fc=i 

Denoting by X the determinantal process associated to the triplet (%,K,/j), the Janossy 
densities of X 15 defined in (13.111) are given by 

j%\x 1} ...,x k ) = C , fc det(L2 ) (a;p,x (? ))i<p i(? < fc , k = l,...,N, (x u ...,x k )e D k , 

where is a positive normalizing constant, and the kernel Lp \x,y) is given by 

h=l 

cf. e.g. Exercise 4.5.2 in [8]. Therefore, det J[D](zi, . . . , Xk) and det(L^ ( 

coincide up to a positive normalizing constant, k = 1, . . . , N, and in order to check condition 

(H2) it suffices to to check that the function 

(xi, . . . , x k ) ->■ det(L^ ) (x p , x q ))i< PA <k 

is continuously differentiable on D k and strictly positive for Lebesgue-almost all (x\, . . . , Xk) G 
.D fe . The continuous differentiability is immediate by the definition of . Concerning the 
strict positivity, we note that we have 

(Lp\x p , X q ))i<p^ q <k = AA , 

hence 

det(L^ ) (xp,Xg))i< Pi g< fc = |det v4| 2 , 

where the matrix A := (A p h)i< Pt h<k is given by 

r h+1 r r \ 
A P h := v / 1 _ r 2(/ t +l) ^ r 

and A* denotes the transpose conjugate of A. In order to show that det A ^ for almost all 
(xi, . . . , Xk) £ it suffices to note that the Vandermonde determinant 

detl = (f[(xU + fc^ J] - *«) + i(s« - x?>)) 

\p=l / l<p<q<k 
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ofA:= + ixp^) h )i< P ,h<k is non vanishing for a.e. (xi, . . . , x k ) G B(0, r) k . 



Finally, in order to show that Condition (13. 12ft is satisfied it suffices to check that 
d x (p)detA{xi, . . . ,x k )d x ( q) detA(xi, ...,x k ) 

dxi . . . dxk < oo, 



B(o,r) fc det A(xi, . . . , x k ) 

for all k > 1, 1 < i, j < k and 1 < p, q < 2, or simply 

d <i)detA(x 1 , ...,x k 



B(0,r) k 



detA(x 1 , ...,x k ) 



dxi . . . dx k < oo, 



for which it suffices to note that 



dx^dxW 

(0,r) 7P^ - a ) 2 + ( x(2) - b ) 2 



< oo, 



for all (a, b) G 5(0, r). 



4 Dirichlet forms 

In this section we construct the symmetric Dirichlet form associated to a determinantal 
process in Theorem 14.11 below. We start by recalling some definitions related to bilinear 
forms (see [2] for details). Let if be a Hilbert space with inner product < -,- > and 
A : Dom(yi) x Dom(yi) — > K. a bilinear form defined on a dense subspace Dom(^l) of 
H, the domain of A. The form A is said to be symmetric if A(x,y) = A(y,x), for any 
i,!/ 6 Dom(yi), and non-negative definite if A(x,x) > 0, for any x G Dom(.A). Let A be 
symmetric and non-negative definite, A is said closed if Dom(.A) equipped with the norm 

\\x\\ji := A(x, x)+ < x,x >, x G Dom(>A), 

is a Hilbert space. A symmetric and non-negative definite bilinear form A is said closable if, 
for any sequence (x n ) n >i C Dom(^l) such that x n goes to in H and (a; n ) n >i is Cauchy w.r.t. 
|| • \\a it holds that A(x n , x n ) converges to in R as n goes to infinity. Let A be closable and 
denote by Dom(yi) the completion of Dom(.A) w.r.t. the norm || • It turns out that A is 
uniquely extended to Dom(yt) by the closed, symmetric and non-negative definite bilinear 
form 

A(x, y) = lim A(x n ,y n ), (x, y) G Dom(yi) x Dom(^l), 

n— >oo 
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where {(x„, y n )}n>\ is any sequence in Dom(A) x Dom(A) such that (x n ,y n ) converges to 
(x,y) G Dom(A) x Dom(A) w.r.t. the norm || • + || • A symmetric, non-negative 
definite and closed bilinear form A is said symmetric coercive closed form if the following 
weak sector condition is satisfied: 

3 a constant c > such that |^Li(x, y)\ < c Ai(:r, £) 1/,2 Ai(y, y) 1 / 2 , x,y G Dom(A), 

(4.1) 

where 

At(x, y) := A(x, y)+ < x,y > . 

Suppose H = L 2 (B ,23, (5) where (£?,23,/3) is a measure space. In such symmetric 
coercive closed form A is said to be a symmetric Dirichlet form if 

A(/ + A 1, /+ A 1) < A(f, f), / G Dom(A), 

where / + denotes the positive part of /. Suppose that B is a Hausdorff topological space 
and let A be a symmetric Dirichlet form. An A-nest is an increasing sequence (C n ) n >i of 
closed subsets of B such that 

\J{f e Dom(yi): / = /3-a.e. on5\ C n } 

n>l 

is dense in Dom(A) w.r.t. the norm || • ||^. We say that a subset B' C B is A- exceptional 
if there exists an .A-nest (C n ) n >i with B' C B \ \J n>l C n . Throughout this paper we say 
that a property holds A-almost everywhere (A-a.e.) if it holds up to an A-exceptional set. 
Moreover, a function / : B — > H. is called A-almost continuous (A-a.c.) if there exists an 
/l-nest (C n ) n >i such that the restriction f\ Cn of / to C n is continuous for each n > 1. 

Let B again a Hausdorff topological space. A symmetric Dirichlet form A on the Hilbert 
space L 2 (B, 2(5), /3) is called quasi-regular if: 

(i) There exists an A-nest (C n ) n >i consisting of compact sets. 

(ii) There exists a || ■ ||yi-dense subset of Dom(A) whose elements have A-a.c. /3-versions. 
(Hi) There exist fk G Dom(A), k > 1, having A-a.c. /3-versions fk, k > 1, such that (fk)k>i 
is a separating set for B \ N (i.e. for any x,y G B \ N, x ^ y, there exists fk* such that 
fk*(%) 7^ fk*(y))i where is a subset of B which is A-exceptional. 

We denote by Nj the set of non-negative integer- valued finite measures on D, equipped 
with the vague topology (recall that this topology is metrized by the so-called "d-hash" 
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metric, see e.g. Appendix A2 pages 402-405 in |4]). For technical reasons, in this section 
and Section [5] we shall see , i.e. the set of finite point configurations on D, as a subspace 
of Nj?, via the identification 

x = S *i x G N /> 

where 5 X denotes the Dirac measure at x G D. We shall denote by 23 (Nj?) the corresponding 
Borel a-field. Letting X denote a determinantal point process with kernel K, using obvious 
notation, we shall identify L 2 D with L 2 (Nf, 23(Nj?), P^d). 
We consider the bilinear map £ defined on S D x § D by 



£(F(X D ),G(X D )) :=E 



N(D) 



i=i 



For F(X D ) G §> D of the form (|Q]> . i.e. 

F(X D ) = /q1{jv(d)=o} + ^ l{v(D)=fc}/fc(Ai, . . . , X fc ) 

k=l 

we also define the linear Laplace operator !K on the space of determinantal processes by 

n 

^KF(X D ) = l{AT(D)=fc} 
fc=l 

(— /3 M (Xj) • S/ Xi fk(Xi, . . . , X fe ) — A x .f k (Xi, . . . , Xfe) + f/j 5 fc(Ai, . . . , X k ) ■ V Xi fk(X 1 , . . . , X k )) , 

where A = — divV denotes the Laplacian operator. 

In the following, we consider the subspace § D of §d made of r.v.'s F(X D ) e S D of the 
form 

/N(D) N(D) \ 

F(X D ) = f MT ^(X k ), VM(X k ) 

Y k=l k=l J 

for some integers M, K > 1, tp u . . . , ip M G e~(D), / G eg°(M M )- Note that S D is dense in 
L 2 D (see e.g. [H] p. 54). 

The next Theorem 14.11 provides the Dirichlet form associated to a determinantal process. 
Theorem 4.1 Under the assumptions of Theorem \3.2\ we have: 

(i) The linear operator "K : — > L 2 D is symmetric, non-negative definite and well-defined, 
i.e. < K(§>£)) C Ljj. In particular the operator square root "K 1 / 2 of 'K exists. 
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(ii) The bilinear form £ : x S D — > K. is symmetric, non-negative definite and well- 
defined, i.e. £(§£)X§ )cl. 

(Hi) K 1 / 2 and £ are closable and the following relation holds: 

£(F, G) = E[WJz FKV 2 G], V F, G £ Dom(3V^). (4.2) 

(if) T/ie bilinear form (£, Dou^K 1 / 2 )) is a symmetric Dirichlet form. 
Proof. The proof of this theorem is based on Lemma 14.21 below. 

(i) By Relation (14.41) in Lemma I4T21 we easily deduce that, for any F(X. D ), G(X. D ) £ §d we 
have 

E[G(X D )XF(X D )] = E[F(X D )KG(X D )} and E[F(X D )KF(X D )] > 0. 

Therefore, IK is symmetric and non-negative definite. It remains to check that, under the 
foregoing assumptions, IK is well-defined. Let F(X D ) £ §d be of the form 

f(x°) = y: 

l{N(D)=k}h I 2j</?l(Xj), • • • ,'^2 i Pm(X i ) J 

k=l \i=l i=l / 

n 

= l{Af(D)=fc}^fe(^l, • • • , X k ) 

k=l 

for some integers m,n > 1, y>i, . . . , (p m £ C£°(D), /i £ C^°(lR m '). By the definition of IK, for 
the well-definiteness of K we only need to check that \\l^N(D)=k}B^ :c hk (X D )\\ L 2 D < oo and 
||l{v(D)=A;}Vy^ hfc ?7(X D )|| L 2 3 < oo. The assumptions guarantee these relations, cf. the proof 
of Theorem 13.21 

(ii) The symmetry and non-negative definiteness of £ follow from Lemma 14.21 below. It 
remains to check that, under the foregoing assumptions, £ is well-defined. By Step (i), for 
any F(X D ) £ we have IKF(X D ) £ L 2 D . We conclude the proof by noting that, by 
Lemma [4. 2\ for any F(X D ), G(X D ) £ and some positive constant c > 0, we have 

|£(F(X D ),G(X D ))| = \E[G(X D )KF(X D )]\ < c||KF(X d )|| l!) < oo. 

(Hi) We first show that £ is closable. We apply Lemma 3.4 page 29 in [14J. We start checking 
that £ satisfies the weak sector condition (14. ip . By Relation (14. 5p in Lemma [4.21 we have, 
for any F(X D ),G(X D ) £ S D , 

\E 1 (F(X D ),G(X D ))\ = |E[K 1/2 F(X D )K 1/2 G(X D )] +E[G(X D )F(X D )]| 
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< \\OCWF{X D ) \\ Ll \\^ 2 G(X D )\\ Ll + \\F(X D )\\ L% \\G(X D )\\ L% 

< 2£ 1 (F(X D ), F(X D )) 1/2 £ 1 (G(X D ), G(X D )) 1/2 . 

It remains to check that if (F n (X D )) n >i C §d is such that F n (X D ) converges to in h 2 Dl 
then E(G(X D ), F n (X D )) converges to 0, for any G(X D ) G §p. This easily follows by Lemma 
14.21 the Cauchy-Schwartz inequality and the fact that "KG(X D ) is square integrable (see the 
proof of Step (i)). The closability of "K 1 / 2 follows by the closability of £, Relation (14.51) in 
Lemma [4.21 and Remark 3.2 (i) page 29 in [Tj 



Finally, we prove Relation (lOl . Take F, G e Dom(J{ 1 /2) anc i i et (F n (X D ))„>i, (G n (X D )) n > l 
be sequences in such that F n (X D ) converges to F, G n (X D ) converges to G, [K 1//2 F n (X D ) 
converges to [K 1 / 2 F, and ( K l / 2 G n {X D ) converges to CK 1 / 2 G in ~L 2 D as n goes to infinity. By 
Lemma [4.21 we have 

£(F n (X D ),G n (X D )) = ^pi l l 2 F n (X D )^ 2 G n (X D )}, for all n > 1. 

The claim follows if we prove 



lim E[^ 1 / 2 F n (X D )M 1 / 2 G n (X D )] = EpKVa FW 2 G] 

n— >oo 

We have: 



|E[JC 1 / 2 G n (X D )JC 1 / 2 F n (X i? )] - E[JfV2G JfV2F]| 



|E[J{ 1 / 2 G n (X D )5{ 1 / 2 F n (X D )] - Epi^ 2 G n (X D ) "K 1 / 2 F] 



+ E[J£ 1/2 G n (X D ) JCV2 F] - E[^ 1 /2Q 1/2 F] | 



< |Eptf 1/2 G„(X D )(:K 1/2 F n (X D ) - JfV2F)]| + |E[(:K 1/2 G n (X D ) - JC^Q)^ f]| 



< ||JC 1 / 2 G n (X 2J )|| L9 J|5C 1 / 2 F n (X IJ ) -^AFII^ 



+ ||!K 1/2 G n (X D ) - :K 1 / 2 G|| L 2 > ||:K 1 /2F||l? } ->0, asrwoo. 



(if) The bilinear form (£, Dom(!K 1 / 2 )) defined by (14.2ft is clearly symmetric, non-negative 
definite, and closed. Using the Cauchy-Schwartz inequality and equality (14. 2p (i.e. reasoning 
similarly as the first part of Step (Hi)) it is easily checked that the weak sector condition 
( 14. ip holds. So by Definition 2.4 page 16 in [TJ] we have that (£, Dom([K 1 / 2 )) is a symmetric 
coercive closed form. We conclude the proof by applying Proposition 4.10 page 35 in [14] . 



First note that $d is dense in Dom(J£ 1 / 2 ) (w.r.t. the norm £ x ). By Exercise 2.7 page 47 
in [H], for any e > there exists an infinitely different iable function (p £ : R — > [— e, 1 + e] 
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(which has not to be confused with the functions ipx, . . . , tp M involved in the definition of 
the r.v. F(X D ) below) such that p £ (t) = t for any t G [0, 1], < ip E (t) - ip £ (s) < t - s for 
all t, s G R, t > s, if £ (t) = 1 + e for t G [1 + 2e, oo) and (p e (t) = -e for t G (-oo, -2e}. Note 
that |^(t)| 2 < 1 for any e > 0, t G R and (p e is in C£°, for any e > 0. Consider the r.v. 

/N(D) N(D) \ 

F(X D ) = / E • • • , E ^™ V(s)<*>> 

y fc=i k=i J 

for some integers M, K > 1, (p M e e~(D), / G Cg°(R M ). Note that F(X D ),<^ £ o 

F(X D ) G S D . Indeed 



^ o F(X 



N(D) N(D) 

f ( < ^ 1 (^)' ■■■'7! <£M(X k ) J l{Ar ( />i /n ! 

fc=l 



fe=l 

Mo) 



AT(D) 



\ A:=l fc=l / / 



{N(D)<K}, 



because (p e (0) = 0. By Lemma H~2l we have 

'N(D) 



E(<p e oF(X 1J ),<p e oF(X 1J )) = E 

>(D) 



i=l 



E 



E 



E 



,iiv n ' 

8=1 

■{.vidi /, } ^||vjv e °^(x 



^||v5v £ of(x d ; 
i=i 

.fe=i 

X k M / k k \ 

EV(o)=fc}E || °/ E^^'-'-'E^W ) 

i=l m=l \«=1 i=l / 



D\ i|2 



i=l 



k=l 



K k M 

< E E 1 iN(D)=k} 

k=l i=l m=l 

£(F(X D ),F(X D )), 



(k k \ 

J^l(Xj),..., J^ju(Xj) ) V(p m (Xi) 
1=1 1=1 J 

k M / k k \ 

E II E a ^ E ^ra> • • • > E ^™ v ^(^) 



. ;=i 



(4.3) 



where in (14. 3 p we used the fact that |<^.(t)| 2 < 1, t G R. By this inequality we easily have, 
for any F(X D ) G § D , 

liminf £(F(X D ) ± <p e o F(K D ), F(X D ) ^(p E o F(X D )) > 

£->0 
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and the proof is completed (since, as required by Proposition 4.10 page 35 in [14J, we checked 
condition (4.6) page 34 in pB]). Indeed, for any e > 0, by the above inequality and the 
symmetry of £ and Jt, we have 

I(F(X D ) + <p £ o F(X D ), F(X D ) - <p £ o F{X D )) 
= £(F(X D ) - ip £ o F(X D ), F(X D ) + ip £ o F{X D )) 
= E[(F(X D ) - Ve o F{X D )) W{F{X D ) + ^ o F{X D ))\ 
= E[F(X D )XF(X D ) + F(X D )X<p £ o F(X D ) 

- <p £ o F(X D )XF(X D ) - if £ o F(X D )X<p £ o F(X D )] 
> E[F(X D )X<p £ o F(X D ) - <p £ o F(X D )'KF(X D )] 
= 0. 

□ 

Lemma 4.2 Under the assumptions of Theorem \3.B. for any F(X D ), G(X D ) £ §>d, we have 

'N(D) 



E 



J2 ^x!'F(X D ) • v£'G(X^ 

i=l 



E[G(X n )XF(X u )} (4.4) 



= E[X 1 / 2 F(X D )X 1 / 2 G(X D )}. (4.5) 
Proof. Let F(X D ),G(X Z) ) £ be, respectively, of the form 

/N(D) N(D) \ 

F(X D ) = / X) • • • ' E ^™ 

y fc=i fc=i y 

Md) N(D) \ 

C(X D ) = 5- I X 7l(^fe), • • • ) X 1 {N(D)<K 2 }, 
\ k=l k=l J 

for some integers M 1} M 2 ,K 1} K 2 > 1, ip u . . . , <p Ml , 7l , . . . , 7Ma £ e~(£>), / £ e^(M Ml ), 
# £ eg°(R A/2 ). Define 

/iV(£>) JV(£») \ 

1 {N(D)<K 1 }, 



k=l k=l 



and 

Vi(x) = V<fii(x), x £ S. 
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By direct computation we find 

Mi N(D) 



/n(D) N(D) 

±{N(D)<Ki} E E ■ < x k)9if E ^i(^), . . . , E fMriXk) 

fc=l 



y it- 1 



i=l k=l 

Mi N(D) N(D) /N(D) N(D) 

— 1 {./v(- D )< K i} 



2=1 



y fc i 



fc=l 



ij=l A;=l 

Mi iV(-D) /JV(D) AT(D) 

+ 1{7V(D)<^ 1 } E E di Vfi(^fc)9j/ E ^l(^fe)' • • • > E VM^Xk) 



i=l k=l 
Mi AT(-D) 



y fc j 



fe=i 



(JV(D) 7V(D) 
E ^i(^)) • • • ^ E P M i(Xk) 
k=i fc=i 

Mi AT(£>) 

i=l fc=l 

Mi N(D) N(D) /N(D) N(D) 

i,j=i k=i i=i y fc=i 

Mi AT(£)) 

+E^(x D )E div ^™ 



fe=l 



i=l 
Mi 



fc=l 



+ ^F J (X D )VS / ^7(X 



i=l 



which yields 



MF(X D ) = £ (-V^'i^X 75 ) + «(X D ) + V? / f/(X D ))F,(X 
i=i 

Mi 

= £vS v *F 4 (X D ). 



i=i 



So, by Lemma [3Al and since §d C Sb, using obvious notation we have 

Mi Mi 



E[G(X D )JCF(X D )] = E E [c(X D )vS / *F i (X D )] = £ E [F i (X D )V? / G(X 

i=l ~ i=l 

Mi f N(D) M 2 / N(D) N(D) \ 

= £e F,(X D ) J] £ 7i (x m ), . . . , E 7m 2 PQ v 7i (x z ) • V^(X,) 

i=l /=1 j=l y m=l m=l / 

N(D) M 1 M 2 

E E^( X ^) V ^(^) • E^^^-w 



E 



=1 »=l 
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E 



N(D) 



8=1 



Finally, since "K is symmetric and non-negative definite the square root operator "K 1 ^ 2 is 
well-defined. Relation (14. 5 p follows by the properties of "K 1 ^ 2 . □ 

We conclude this subsection with the following remark which provides the semigroup of the 



Dirichlet form (£, Dom([K 1 / 2 )). The connection between such semigroup and the transi- 
tion semigroup of the diffusion associated to the determinantal process will be specified in 
Theorem 15.11 below. 



Remark 4.3 Assume the hypotheses of Theorem \3.S[ Then (£, Dom(J{ 1 / 2 )) is a symmetric 
Dirichlet form. Its generator is by definition the linear operator ^K gcn F = G 7 where G is 
determined by the domain of the operator. 

Dom(M geil ) 



F G Dom(J£V2) : 3G e L 2 D WZ G Dom(5CV2) £(F,Z) = -E[GZ] 

One may easily see that the operator (— ^K gen , Dom(CK gen )) is symmetric, non-negative definite 
and extends (CK, §£>). Moreover 



Dom(JC 1 /2) = Dom ((-M gC n) 1/2 ) 

and 



£(F,G) = E[(-J£ gcn ) 1 / 2 F(-M gcn ) 1 / 2 G], V F, G G Dom(^/2). 



By definition, the symmetric semi-group of (£, Dom(J{ 1 / 2 )) is the linear operator T t F := 
exp(tJ{ gen )F ; t > 0, F G Lf) (which is defined by the spectral theory for symmetric operators 
on a Hilbert space). 

5 Stochastic dynamics and quasi-regularity 

In this section we establish the existence of diffusions corresponding to determinantal point 



processes associated to the Dirichlet form (£, Dom(CK 1 / 2 )), cf. Theorem 15. II below. 
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Associated diffusion process 

We start recalling some notions, see Chapters IV and V in [14] . Given 7r in the set ^(N^) 
of the probability measures on (N^ , 23(1^)), we call a 7r-stochastic process with state space 
N{? the collect ion 

t>0, (Px) x€ NO,P vr ) 

where J := Vt>o ^ ^ s a afield on the set f2, (3 r t)t>o is the P^-completed filtration generated 
by the process M t : Q — > of — !B(Nj?)-measurable mappings, P x is a probability 
measure on (f2, for all x G Nj?, and is the probability measure on (f2, 3") defined by 

P ff (A):= / P x (A)vr(dx), AG J. 

A collection (Mo j7r , (#t)t>o) is called a 7r-time homogeneous Markov process with state space 
Nj? if 9 t : O — >• O is a shift operator, i.e. M s o 9 t = M s+t , s, t > 0, the map x i— >■ P X (A) is 
23(N?) — S(R)-measurable for all AeJ, and the time homogeneous Markov property 

P x (M t eA|? s ) = P Mii (M t _ s eA), P x - a.s, AeJ, < s < t, xeNf, 

holds. Recall that a 7r-time homogeneous Markov process (M_D i7r , (#t)t>o) with state space 
Nf is said to be vr-tight on Nj? if (M t ) t > is right- continuous with left limits P^-almost 
surely; P X (M = x) = 1 V x G N? ; the filtration (S^t^o is right continuous; the following 
strong Markov property holds: 

P v (M t+T G A | 9 T ) = P Mr (M t G A) 

P^-almost surely for all ^-stopping time r, ir' G (P(Ny? ), /I 6 J and t > 0, cf. Theorem 
IV. 1.15 in [14] . In addition, a 7r-tight process on Nj? is said 7r-special standard process on 
Nj? if for any n' G CP(Nj ) which is equivalent to n and all ^-stopping times r, (r„) n >i such 
that t„|t then M Tn converges to M T , P^-almost surely. 

The following theorem holds, in which E x denotes the expectation under P x , x G N?. 

Theorem 5.1 Assume the hypotheses of Theorem \3.S[ Then there exists a P^d -tight special 
standard process (M^, (Qt)t>o) °n with transition semigroup 

p t /(x) := E x [/(M t )], x G N?, f:Nf — > R sgnare mtegrable. 
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In addition, (M^p , {O t )t>o) is properly associated with the Dirichlet form (£, Dom([K 1 / 2 )) 
in the sense that p t f is an E-a.c, P^D-version of exp(fK gen )f for all square integrable 
f : Ny? — > M. and t > 0, and such that 

P x ({o; : 1 1 — y M 4 (o;) is continuous on [0, +00)}) = 1, Z-a.e., x G Nj . (5.1) 

Proof. By Lemma 15.21 below the Dirichlet form (£, Dom(!K 1 / 2 )) is quasi-regular, hence 
by Theorem III. 3. 5 page 103 in [13], there exists a PxD-tight special standard process on 
Nj?, say (Mp) p xD , {6 t )t>o), whose transition semigroup (pt)t>o is such that, for any square 
integrable function / : — > R and t > 0, ptf is a P x d -version of exp(tCK gen )/ and ptf is 
£-a.c. Since the form has the local property, by Theorem V.1.5 page 150 in [T3] the tight 
special standard process is a P X D-diffusion associated to the form, i.e. relation ( 15. ip holds 
for £-a.e. x G Nf. D 

For the sake of completeness we remark that by applying Theorem 6.4 page 141 in [14"] . one 
has that the Px D_ diffusion on properly associated with the Dirichlet form (£, Dom(!K 1 / 2 )) 
(defined in Theorem 15. ip is unique up to Px D -equivalence . We refer the reader to Definition 
6.3 page 140 in [14J for the meaning of this notion. 

Quasi-regularity and locality 

The following lemma holds. 

Lemma 5.2 Assume the hypotheses of Theorem \3.2l Then the form (£, Dom([K 1 / 2 )) is 
quasi-regular and local (i.e. £(F, G) = for any F, G G Dom(J{ 1 / 2 ) such that supp(|F|P) n 
supp(|G|P) = 0). 

Proof. Quasi-regularity. As in [21] and [22], we apply Theorem 3.4 of For this purpose, 
we have to show that, for some countable dense set (xj)j>i in N^?, there exists a countable 
collection (Pjj(X D ))jj>i of random variables such that: 

(i) For some bounded metric g on N^, which is uniformly equivalent to the "d-hash" metric, 
we have £>(x, Xj) = sup^- Pjj(x), £-a.e. x G Nj , for any i > 1. 

(ii) Fij : Nif — > R is of the form 

F ij( x ) = fij \^2 h i(x),. . . h N(x) ) , x G N if 
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for some integer iV > 1, hi, . . . , h N G G™(S) and weakly differentiable; (Fjj(X z> )) i j>i C 
Dom(JC 1 /2) a nd, setting = i^(X D ), 



£(Fjj, Fy^ 



E 



E l|Vx^i(X D )|| 2 



fc=i 



(5.2) 



where Va; !/ -Fy(x) is defined as in (I3.2p with n = oo and the symbol V x being the gradient 
w.r.t. the weak partial derivatives. 
(Hi) suPyEffi l|V^(X fl )ll 2 eL},. 

Proof of (i). Such a metric is defined as the restriction on of the following metric on 
Nif (which we continue to denote by g) constructed in [22J as follows. Here N/j denotes 
the set of non-negative integer-valued locally finite measures on S, equipped with the vague 
topology. Let T b be a countable open base in S and, for every O G T b , take a sequence 
^Oi,^o 2 5 ■ • • G sucn that £o n (. x ) t l{xeo}) V s G 5*. For ease of notation set £ n = £o„ 

and assume that this enumeration satisfies 

j 

|J supp(4) C {x G S : ||x||<j}, j = 1,2,.... 



fc=i 



The desired metric is defined by 



£)(x, y) := sup 2 3 { 1 — exp 



E 



»-E 




x,y G % 



where, for x 



[x 



(i) 



.r 



sup 



dtj{x) 



: xGS 1 , q = 1, . . . ,d> > 



Let (xj)j>i be a countable dense set in Nj and define 



Fy(x) := 2~' 



1 — exp 



gx ^3 



X 



gXj J V ^ 




x G N v . 



Then (z) follows. 



Proof of (ii). Clearly Fij has the claimed form. We now check that F^ G Dom(!K 1 / 2 ), i.e. 



there exists a sequence (F/ n ' ) (X D )) n > 1 C §d such that, as n goes to infinity, F-? } (X. 



'7 



converges to Fjj in L|, and (!K 1 / 2 F^ n ' ) (X z:, )) n >i converges in \? D . Define the function 



X 



E^ 1 



.1 ; 
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and consider the classical sequence of mollifiers defined by f] n (x) := Cnr](nx), n > 1, where 

V {x) := l^Kne- 1 ^ 1 - 2 ), x G R 
and C := ^ Jj^ r/(a;) dxj . Define the functions 

/W(x):=2-4l-«p(-*^^U, I£ B 

where * denotes the convolution product, and set (x) := (XLg x l{il(x)<n}> 
x G Ny?, where the symbol fj(x) denotes the number of points in the configuration x. Since 
r] n G C^°(R) and is locally integrable on R, we have rj n * j ' ^ G C°°(R) (see e.g. Proposition 
IV.20 in [2j). Therefore ffi G Cg°(R) and so F^\X D ) G §> d . Since / - G C(R), we deduce 
that rj n * converges to /y uniformly on the compacts of R (see e.g. Proposition IV.21 in 
[2]), and so F^(K D ) converges to Fy in L 2 D , as n goes to infinity. It remains to show that 
the sequence (CK 1/ ' 2 F/ J n ' ) (X D )) n > 1 converges in \? D . For this we are going to prove that it is 
a Cauchy sequence. We preliminary note that since r] n is integrable on R and is weakly 
differentiate we have (see e.g. Lemma VIII. 4 in [2]) 

where 

fafiA x ) = 1 {£ B . 65 ./j(x i )e(x,oo)} - 1 {£ B .^4(x i )e(-oo,x)}- 

Thus \(rf n * fij)'\ < 1, for any n > 1. Moreover, (?]„ * fij)'(x) converges to fij(x) point-wise, 
as n goes to infinity. We also note that for any n > 1 and x G -D we have 

fc=l /i=l \o=l 

N(D) f N(D) 

= l {N{D) < n} E l { x,}(a:)V„J^ ) E £,(X, 



fc=i y o=i 



0/ 1 



where, for any x G N D 



v »/« J ( E^) ) = v-'/iAMa)' ( E^) ) ex p ( * /« ( E^ x ) ) ) w 

So, for any n > 1, i, j and k — 1, . . . , N(D), we have 



|V^W(X D )|| 2 <d4-', a . s .. (5.3) 
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For any n, m > 1, we deduce 



E 



A:=l 



< d4 _J E 



[ l{N(D)<n}{Vn * /tf)' ( E ^(*fc) J exp I -T) n * I E ij(X k ) I I + 

/n(d) \ f _ ( N[D) \ _\\ 2 

fan * /<,-)' I E I exp f -77 m * / y ( E ^(X fc ) 1 1 J JVp) 



-{AT(D)<m} 



Due to the above remarks, applying Lebesgue's dominated convergence theorem (recall that 
N(D) has a finite mean since it has exponential tails) one has that this quantity goes to zero 
as n,m go to infinity, and the claim follows. It remains to check (15. 2p . By Lemma [4.21 we 
have 



E 



N(D) 



k=l 



E[(M 1 / 2 #(X fl )) 2 ] 



Clearly 



lim E[(M 1 / 2j pW (x ^ ))2] = E [(^/ 2Fii ) 2 ] = £(Fy,Fy), 

n— >oo J 

and so we only need to check 

'JV(D) 



lim E 

n— >-oo 



E liv^(x^" 2 



fc=l 



E 



N(D) 



E n v ^^-( x 



D\ 1 1 2 



fc=l 



This easily follows by Lebesgue's dominated convergence theorem. Indeed, by (15.31) . for any 



N(D) 



and 



Ell V W(X D )f<4-^iV(D), a.s. 

k=l 

N(D) N(D) 

JS, EHVxl'4"(x D )ll 2 =5:ilVxl'^(x 



(5.4) 



D\ II 2 



a.s.. 



fe=i 



fe=i 



Proof of (iii). It suffices to note that by (15. 4p we have 

N{D) 



supEllv5^(X D )|| 2 <>P), a.s.. 

^' fc=i 
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Locality. Consider the bilinear form defined by 

N(D) 

T(F(X D ), G(X D )) := VJ / i 71 (X D ) • vJ / G(X D ), F(X D ), G(X D ) G S D . 

i=i 

By the product rule of the gradient Vx V , we have, for any F(X D ), G(X D ) G So, 

r(F(X D )G(X D ), G(X D )) = G(X D )T(F(X D ), G(X D )) + F(X D )r(G(X D ), G(X D )). 

Since the form (£, Dom(!K 1 / 2 )) is closed, by Remark (ii) page 287 in [5] we have that the 
form T extends to Dom([K 1 / 2 ) x Dom(J{ 1 / 2 ). We shall denote this extension by T. So, for 
any F, G G Dom(JC I 7 2 ), 

f(FG,G) = Gf(F,G) + Ff(G,G). (5.5) 

Since the form (£, Dom([K 1 / 2 )) is quasi-regular, by Proposition 1.7 page 151 in [H], for any 
G G Dom(J{ 1 /2)) ) there exists F* G DomfW 2 ) such that 

< F* < ln\supp(|G|P) 

and F* > P-almost surely on Q \ supp(|G|P). So F*G = for any uj G Q and therefore 
by (15. 5p we have 

= r(F*G, G) = G T(F*, G) + FT(G, G). 

Consequently, 

V G G Dom(J{ I 7 2 ), f(G, G) = on ft\supp(|G|P). 
The claim follows by the Cauchy-Schwarz inequality. □ 

6 Appendix 

In this appendix we recall some results and properties on the closability of linear operators. 
Given (X, || • ||x) and (Y, \\ ■ ||y) two Banach spaces, and A : Dom(A) — > Y a linear operator 
defined on a subspace Dom(v4) of X, the domain of A, the operator A is said to be closed if, 
for any sequence (x n ) n >i C Dohi(t4), such that x n converges to x in X and Ax n converges to 
y in Y we have x G Dom(A) and y = Ax, i.e. Dom(A) is closed (or equivalently complete) 
w.r.t. the graph norm || ■ \\g '■= \\ ■ \\x + ||^4 ■ \\y- A linear operator A : Dom(A) — > Y is 
said closable if, for any sequence (x n ) n >i C Dom(A) such that x n converges to in X and 
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Ax n converges to y in Y it holds y = 0. In other words, A is closable if, for any sequence 
(x n )n>i C Dom(A) such that x n converges to in X and (x n ) n >i is Cauchy w.r.t. the graph 
norm \\ ■ \\g it holds Ax n converges to in Y . The minimal closed extension of the closable 
operator A is the closed operator A whose domain Dom(v4) is the completion of Dom(v4) 
w.r.t. || ■ || G , i.e. 

Dom(A) := {x E X : 3 (x n ) ra >i C Dom(A) : x n — > x in X and (Ax n ) n >i converges in Y} 
and we define 

Ax := lim Ax n , x G Dom(A), 

where the limit is in Y and (x n ) n >i is some sequence in Dom(v4) such that x n converges to 
x in X and (Ax n ) n >i converges in Y. 

Lemma 6.1 For any compact subset D of S, the space So is dense in L 2 D . 

Proof. Let V E L 2 D and assume that E[G(X D )V] = for all G(X D ) e S D . We need to show 
that V = a.s.. Since V is 3 rXD -measurable we have that V = u(N(D),X%, . . . ,Xn(d)), for 
some measurable function u. Therefore, for all integers n > 1 and G(X D ) e §d, with a little 
abuse of notation, we get 

G(0)u(O, $)P(N(D) = 0) = and E[C(Xi, . . . , X n )w(n, X 1; . . . , X n ) | iV(D) = n] = 0. 

(6.1) 

Clearly, the first equality above yields u(0, 0) = 0. We now prove that, for any n > 1, 
w(n, xi, . . . ,x n ) = a.s. w.r.t. the probability measure, say nffi, with density 

. . . ,x n )fi(dxi) . ../i(dx n ) 

(here, are the Janossy densities of X D , see the proof of Theorem 13. 2\i . 

Denote by w+ and u~ the positive and the negative part of u{n, •), respectively. Clearly 
(take G = 1 in the second equality in ( 16. ip ) we have 

E n := E[u+(Xx, ...,X n )\ N(D) = n] = E[u~(X 1} ...,X n )\ N(D) = n]. 

If E n = then w+ = = 7r)^ -a.s., hence w n = 7r^-a.s.. If E n > 0, then consider the 
probability measures on D n : 

7r^ }± (dxi . . . dx n ) := u^(xi, ...,x n ) irP(dx u . . . , dx n ). 



30 



where 

u n • • • i x n) - = ~P^~ u n • • • i %n)- 

Let R be a rectangular cell in M dn and take G(x%, . . . ,x n ) = ifi(xi, . . . ,x n ) where ipi is a 
sequence in C^°(lR dn ) such that y?;(xi, . . . ,x n ) converges to l{( Xl ,...,x„)£R} as / goes to infinity, 
for all x\ , . . . , x n . Combining the second equality in ( 16.1 ft with the dominated convergence 
theorem, we have 7r^ + (RD D n ) = tt^ (R fl D n ). Therefore, 7r^ + = 7Tp - on the Borel 
a- field ¥>(D n ). So u+(xi, . . . , x n ) = u~(x\, . . . , u n ) vr^-a.s., and the claim follows. □ 
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